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Abstract — Numerous state estimation problems (e.g., uthe state as another piece of observation information, then
der linear or nonlinear inequality constraints, with quanwe do have set measurement in this case.
tized measurements) can be formulated as those with poinState estimation with quantized measurementis an old re-
and set measurements. Inspired by the estimation with quaearch topic [1], and it has attracted recent interests, [9], 8
tized measurements developed by Curry [1], under a Gawsith new developments in hybrid estimation, nonlinear fil-
sian assumption, the minimum mean-squared error (MMSE€ying and numerical computation. For instance, given the
filtering with point measurements and set measurementgjafintization rules, [7] applied the first-order generalize
any shape is proposed by discretizing continuous set m@aeudo-Bayesian (GPB1) idea in maneuvering target track-
surements. Possible ways to relax the Gaussian assumpiiog to improve the performance of Sheppard’s method; [9]
and to discretize the involved Gaussian and truncated Gawpplied particle filtering; and a numerically efficient irapl
sian distributions are discussed. Through an inequality-comentation of the state estimator with quantized measure-
strained state estimation example, it is shown that undemaent in [1] was proposed in [8]. In general, with the help of
certain condition, the update by inequality constraintsas a quantization rule, the only thing we can infer from a quan-
measurements is redundant, otherwise the update is nedesed measurement about the measurement before quantiza-
sary and helpful. Supporting numerical examples are prtion is that it belongs to some subset of the measurement
vided. space.

This paper is an extension of our recent work in [7, 8] to
Keywords: State estimation, point measurement, set meamore general framework—state estimation with point and
surement, inequality constraint, quantized measuremesdt measurements. In this paper, inspired by the estimation

nonlinear filtering. with quantized measurements developed by Curry [1], un-
der a Gaussian assumption, the MMSE filtering with point
1 Introduction measurements and set measurements of any shape is pro-

posed by discretizing continuous set measurements. Possi-
In this paper, gpoint measuremeris one that is a single pje ways to relax the Gaussian assumption and to discretize
point in the measurement space, whilsed measuremer  the involved Gaussian and truncated Gaussian distribaition
a subset of the measurement space. are also discussed. Supporting numerical examples are pro-

Set measurements are available in numerous cases, fong¥ed.

ample, state estimation under linear or nonlinear inetuali The paper is organized as follows. Sec. 2 formulates the
constraints, with quantized measurements. These casep@blem. Sec. 3 presents the MMSE filter with point and set
state estimation are much harder than those with point megeasurements. Sec. 4 discusses a possible way to discretize
surements. the involved Gaussian and truncated Gaussian distribaition

Results about inequality constrained estimation are-avallec. 5 provides supporting numerical examples. Sec. 6
able [2, 3, 4, 5]. The main idea is to extend the existinglves conclusions.

results in equality constrained estimation [6] to inedwyali
constrained problem by utilizing classical optimizatienhi- 2  Problem formulation
niques (e.g., the active set method [2, 3, 4] and the interie

I . . . . .
' ) . . onsider the following generic linear dynamic system
point method [5]). If we treat the inequality constraints on 99 y y
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Assuming that two types of measurements of the state avith
available. The first is the conventional point measurement

PR (PO (1) P = MSE(Ey.) = Bl 2"
with zero-mean white Gaussian noise.” having = B[EEniyyl2, 24124
1 1 1 m 1
cov(vy)) = R > 0andz) € R™. (wy), (v)) and — [ Bt 2?. M) )
xo are independent of each other. - - klkTk|k1ZE 5 Z IPR k

The second type is the set measurement: @ bt (D1 (@)1 k(@)
:/Z E[fmkj;g\ﬂzk A ]p(zk E )dzk
k

(4)

Vi = {2 € 2.}, Z, CR™

wherez,(f) is a linear or nonlinear function af;, which may
or may not be driven by random noisg; is a subset of the
measurement spage™:. That is, &, and P, are the means of
Remark:In the extreme caseZ;, can be the empty sét E[a:k|z (2) k-1 z(l)] and E[xk‘kkazk , 2k, (1)]
smgleton or eveif) = R™ (the measurement space). BOttffunctlons ofzk given z*) with respect to the d|str|but|on
= () and Z, = Q are trivial, since they do not provide

(2)
any useful information normally anx{C ) can be ignored. If p( 2 |25).
Z, is a singletonz”) reduces to a point measurement. From the definition o™, it follows that
In this paper, we estimate the state as best as we can in

the MMSE sense based on point measuremélﬁtand set

@) ky _ L@ k-1 (1) (2)
measuremerit;,, that is, pl,"12") = c (e 1250 2 )z (57

z

im'\lgSE = arg mlnE[$k\kxk|k|{2t Kﬁ}f:l]
where
Where(ik“c =Tk — xk\k
. . . . (2)
3 MMSE filtering with point and set :{ if 2% € 2
otherwise
measurements
. _ (2@ A1, 20y 1@

State estimation with point and set measurements is essen- ka s k

tially a nonlinear filtering problem. Although nonlinearit
destroys Gaussianality in general, to simplify derivatiwa
will still make Gaussian approximation to the updated stathat is, p(z (2)|z’f) is a truncated version of
estimate at each time step. A similar idea can be foundmz 2)|Zk 1 (1))

the Gaussian filter developed for general nonlinear filtgrin .
problems in [10]. In general, it is hard to solve (3) and (4) analytically ex-

. cept in some special cases due to several difficulties., First
3.1 General form of MMSE filter it is hard to obtain the truncated distributipﬁz(2)|z ) ex-

As discussed above, a quantized measurement is a spe§dly. Second it is also hard to find an analytlcal form
type of set measurement. Inspired by the ideas of state eet|E[:ck|z 2kl z,(cl)] andE[$k|kxk‘k|2k , (1)] if
mation with quantized measurements in [1], we extend thegm)

is a nonllnear function of;. Third, even |f we have
to develop an approximate MMSE filtering algorithm with

(2) @ 1)
point and set measurements. an analyt|cal form Op( (1) |2%), Blailz, o) and
Define E[wk|kxk‘k|z |, to evaluate the involved inte-
) . gralsina closed form |s not easy and only numerical quadra-
2 ={z, ", Y}, 2" = {21, 22, , 2} ture can be done in practice.
Itis well known that the MMSE filter is Given
Ep = Elwg|2"] ()
Using the total expectation theorem, we have Tp_qjp—1 = Elmp—1]2"7"]
_ N k—1
s = Blanl2"] = B[Ela]2(, 24|24 Pr-apioy = MSE@i-apa |27

assume that

:/ E[:z:k|z,(€2),zk]p(z,(f)|zk)dz,(€2)
Zy,

= Elxy, |z(2) , z,(cl)]p(z,(f) |zk)dz,(€2) 3) s A
Zx p(rr-1]2""") = N(@r—1; Tk—1jk—1, Po—1jk—1)  (5)



Then the state at time can be estimated as follows Note thatP,j‘k and K, have nothing to do W|tlz(2) Substi-
tuting this into Eq. (4) yields

Tppp—1 = Elzi|2* 1) = Fr 11k (6) @k
Pk|k71 = MSE(jk|k,1|2k_l) Pk|k = P/:Uc + KkCOV(Zk |Z )Kl/c (12)
= Fr1 P11 Fy1 + G Qe1Gry (7) These are the formulas for state estimation with quantized
](61“)6 = Blay|zF 1, Z](Cl)] measurements in [1, 8], except that now we have both point
M, (1) () measuremem,gl) and set measuremeyit.
= Ipp—1 + K ' (2, " — Hy 1) (8) It follows from the Gaussian assumption (5) that
Py} = MSE(i|) 251, 2Y) p(2{?|2%) is a truncated Gaussian distribution
= Py — KUV (LY 9) @k — L@ 5@ g@y . L@
) | (D7 oDy~ P 12) = N T 2 ) 24 (3 7)
Ky = Popoa (Hg ) (Sp7) ! ?
(1) _ (1) (1) (1)
Sy’ = H,' Pyr—1(H,') + Ry, wherec, —/ N(z,(f), AkT,)C,S(Q)) 2),
This is just an application of the Kalman filter. Clearly, the key to this MMSE filtering is to compute the
Depending on whether®) is a linear or nonlinear func- Mean and covarlance matrix of the truncated Gaussian dis-
tion of 2, we discuss next how to solve (3) and (4) approi”bunonp(% |2*). For the scalar case (i.euz = 1), they
imately in an efficient way. can be obtained analytically [8] in terms of the error func-
tion @ (-) and the density function of the standard Gaussian
3.1.1 Linear case distribution. For the multi-dimensional case (i3 > 1),

their computation usually relies on multi-dimensionakint
gration over the truncation region without a closed form and
only numerical quadrature can be done in practice.

There are several d|ff|cult|es associated with the numer-

ical quadratures foE[zk |z*] and coyz 2)|z ). For ex-

Ample, the Gaussian distributioi(=(>); z,jl)c, 5%y may be

Whenz,(f) takes the linear form
z,(f) H( Tk +v(2) (10)

where v() is zero-mean white Gaussian noise wit
cov(v,(f)) R,(f) > 0 and uncorrelated withwy, ) , <v,(g )

andz, it follows from the Kalman filter that singulaf in some cases due to, e.g,”| = 0. Such a den-
sity function is not defined, let alone the quadratures based
&y = Blogl2"~ LoD @) = x(‘> + Ky (22 gfj}c) onit. Even if A/ (z\” ,2,(511,8(2)) is nonsingular, the follow-

ing two aspects may still complicate the quadratures in gen-
* o E—1 (1) (2) (1) (2)

Py = MSE(d3 12", 27 2 ) = Py — KiSy Ky eral. First, the curse of dimensionality may occur. Second,
the numerical quadrature may be over a truncation region

where not of a regular shape. Recall that in the problem formula-
5@ _ E[2(2)|zk_1 2(1)] _ @50 tion, the truncation region is only required to be a subset of
Phlk = N AL themso-dimensional measurement space, so it can be of any
K = p]i|1k)( ) (3(2)) shape depending on the problem.

We give two examples to illustrate how irregular the
SP = MSE(ZkT;)€|Zk7172(1)) H@)P(r)( H?) + R shapes of the truncation region can be for the case- 3.

First, the domain of integration can be unbounded in a three-
Note thatr,(:l,)g, K and H® have nothing to do with!?.  dimensional space like

Subst|tut|nga:k|,C into Eq. (3) yields @

—oo<z,(€i<b1, a2<z,(€2<b2, az <z 3 < +00
Ao A1) (2) 5(2) . . . . .
Lkik = Ly T K (Elz, 2% - Zk|k) (11) second, the domain of integration may be an ellipsoid [11]

. like
Since 3

S = a/m? =

Wherezk is thei-th component of the vectmi ) , anda;
= ap — & + Ki(2lD) — El2))|2%)) andb; are constants.
If the quadratures used to evaluaE[z,(f)|z’“] and
cov(z,(f)|z’“) are well defined, we may use a mature nu-
(1)] merical quadrature rule like the Newton—Cotes rule, which

~ ~ Ak - A
:Ek|k = Tk — :Ek|k =Tk — xk\k +xk\k — xk\k

we have

= (2) k-1
BlZpl2y s 2

1 i istributi (2). 52 @y i (2 ;
" 2 2 2 2 The Gaussian distributioN (z,; 2,7,, Sp) with [S;™| = 0 is
= Pl + Ki(2) — B2 12 (=Y — B[ |M) K, h

kO %k|k
called a singular Gaussian.



includes the rectangle rule, trapezoidal rule and Simpsoalone its truncated versiqﬂz@)|z ). Thus the MMSE fil-

rule as special cases, and the Clenshaw—Curtis rule, but thg with a nonI|neaxz(2) is much harder to obtain than the

are mainly for integrations over a one-dimensional bound e with a Ilnealz(Q)

region and can not be easily extended to other cases. Under the Ga'USS|an assumption (5), we have

cient numerical quadrature rules like the Gaussian quadr o1 (1) 0 pO

ture can indeed handle integration over unbounded domaﬁz k257027 = Naws 2y, By). Suppose that there

but they are still mainly for the one-dimensional case. €heexists optimal discrete approximationsgiory|z*~1, z,il))

do exist exceptions, for instance, the Gaussian-Hermgﬁdp(U]i?)) :N(U,QQ);O,R,(CQ)):

quadrature can be applied in the high dimensional case be-

cause the domain of integration is froamo to +o0, which P{ogg = 5%)} = a ) i=1,2,-, M,

is kept the same after changing variables through decayplin

to the original ones. The other Gaussian quadratures are not

so lucky because after decoupling of the original variableghere

the domains of the new variables may be strongly coupled,

which will complicate the quadrature greatly and the exist- (Z >0, Z —1, 5z(c'j) >0, ZM” ﬁlgj) -1

ing Gaussian quadrature rules can not be applied. To handle =

multi-dimensional integration, Monte Carlo and sparsed gr Dy

methods are usually suggested. The sparse grid methol(y?gn a close discrete approxmatlorpt(a( )|Zk 2 )) IS

based on a one-dimensional quadrature rule, but performs 2) @) 2\ ) () a)

a more sophisticated combination of univariate results. It Plzga = helme o) =9 = oo B

is mainly for integrations with a hyper-rectangular domaifyhere; = 1,2,--- , M,,j = 1,2,--- , M,.

Monte Carlo integration may yield better accuracy for the Selecting only thosak(x,(j),v,(f a)) e 2, and normaliz-

same number ong”Ct'O” evlaluaﬂogs tgan ;]epeated 'gtegﬁ?g their corresponding probability masses yield a close di

tions using one-dimensional methods, but the computdtio 2)

complexity is usually too high to be affordable online. E?aevt% g ?ﬁ éorﬁcr)l;)z;tgi)lr&)t/onfggst rfld?]iige: (S)I:]tfr)lbmmmk 1)
Next, a new way to obtait[z\>|2*] and coyz.”|2F)

without resorting to any conventional quadrature rulesss d P{Zk )= (271)} — C;il), 1=1,2,---,L

cussed, which is more general in that it can be applied to set

measurements of any shape or dimension regardless if With I

truncated Gaussian distribution involved is singular dr no g,gl) >0, Zl lg“,il) =1
Suppose that the discrete random vec:tfflfd approx-

imates a continuous one with the conditional dlstnbutlon
@), k-1 1) 3
( k |Z ) k ) k)

P{ (2) J)}:ﬁl(cj)aj:lvza""Mv

Then we can approximatg,, and Py, by

29 A0
‘ Th| A Zl 1% k|k Sk (13)
P{Zktd_zlfn}_ 7i:1527"'7M
P,
where y Hk
% i 2,1 1 l
Ugc) =0, Zizlui) =1 ~ Z E| xk|kxk\k|zk td = l(c ), 2 7Zl(c )] lg)
Then it follows that le 1(,gl)E ,(jl’;c) klf;g))| ktd—z,(f D k=1 ](€1)]
~ — i i {1
Fklk = E[Z;(f)lzk 17Zl(cl)’yk] Zk td Z /‘k)sz R Zz 1<k) Ik k - Iklk)(xé\k) = )’
(2)) k-1 (1) *
cov(z? 251 =D vy — Zl PG + @5 — ame) @ — 2w 16
2 cov(zk td) = Z ;L,(;) (z,(f’l) — 2k‘k)(z,(€2’l) —Zk) () p(=) 030 e
i=1 _Zl:1<k K|k +Zl 1Ck K|k k\k) = Lk kL
_ Z WD 2B (VY gy st (14)
. . . T \where
How to discretize a truncated Gaussian distribution wml
be discussed in detail later. Fajh = Th — Brjks jl(cl‘z) S fl(glﬁ)
3.1.2 Nonlinear case iy = Blawley = 200, 2471 200
If 2{* takes a nonlinear form® = hy(zy,v?), P — MsEE))
even under the Gaussian assumption (5), we do not have klk Tk
(22261 20y = N (P23 53)) and it is usuall (1) . . .
Pk "k ko Pk[k Y Note thatt'"*) is a standard nonlinear filter. Existing non-

. K|k
hard to obtain the exact d|str|but|q31z,£2)|z ,zk ), let linear filtering methods for point estimation can be applied



here. As an illustration, only the general form of lineawhere
minimum mean-squared error (LMMSE) estimatisrlisted

here: :E,(j‘)kil = kalil(ﬁukq
(@) _ (7) ’ ’
L (1% 2 2,1 _ 1 (1 2,1) ~(2,1 P, =F, 1P F,_ 4+ Gi_ 1G_
iy = E[xk|zl(c,t)d =220 k-1 ) = xl(q“)c + K )Z;(C\k) ’(“J"z)‘l Hk(j)l (’;—l\k—l -1t Gro1Qe-1Gly
I 1 2,0) (2,1 2,1 200 = T
PI§|k) :Pé‘k)_K]g )S](C )(K](C ))/ k‘f'_i lz‘) k(l‘l;_l (9) (9)
S =M, Py, (H) + R, j=1,2
where
Remark: If a set measurement is available, the
J ~(1) (2.0 1 1 ~(2,1 ) L '
K;(CQ ):COV(CC;(:“)WZ;(CT;C))(S;(CQ s S;(CQ = COV(Z;(jk)) computation of the IlkellhoodP{sz) € Zk|z,(€2) ~
2](3,1) _ Z}(€2,l) _E* [Z£2)|Zk717 Zz(cl)] J\/(éfj;ﬁl, S,(f”))} al_aove ?s a headache. Itis suggested to
use our proposed discretization method to get this probabil
] ] @) ity as
Remark: Due to the nonlinearity ok,”, we do not
; w1, (2)) k—1 (1) 2 2 (2, 2,i
have (?)n (?IQelg):]ant anz(aQI)l/)u?aI form fao* [z, 2", 2, 7], P{Z](c ) ¢ Zk|Z;(€ ) NN(ZI(c\kzl’S/(c ))}
COV(‘%MI@’ZM;@ ) and.S;”" in general, but they can be ap- L @D
proximated by the extended Kalman filter, unscented filter- = leluk’ Iz, (y,")

ing [12], DD2 [13], Gaussian Hermite filter [10] or even
from the original definition of LMMSE estimation as in,here {H(i’l) (4,2) . ’Hé@L)} is the set of probability

k 7#]@ ) )
[12' If N CT NSNCRI q 4 masses of a discrete random vecyﬁ) over the space
e l;amar : Cov(xklk’_zk\k )an. k © not depend on ](;,1)7%(;,2)’_._ ,y,(j’L)},which is an approximation of the
2,7, (13) and (14) will be equivalent to (11) and (12). In5aussian distributioN(z,gQ); 5(2:0) S;(f’i))-

. . - k‘k,p
thls case, (11) and (12.) are more preferable due to their effi Remark: The other forms of weight update in [10], de-
ciency in implementation.

rived under different optimality criteria, can also be apgl
here similarly.

3.2 Relaxation of Gaussian assumption

Clearly, the key to the above derivation of the approxima#  Discretization of Gaussian-related
MMSE filter is the Gaussian assum_ptlon (5). Due.to the in- Histribution
volvement of set measurements, this assumption is not valid _ o
in general. An idea is to use a Gaussian mixture to approki- summary, we met two types of discretization problems
matep (z_1|2*~1) after each cycle of filtering as above. One is for a Gaussian distribution and the other for

a truncated Gaussian distribution. Next, we discuss how to
) find a close discretization for each type.

From [15], it is known that a continuous random vari-

able can be approximated by a discrete random variable as

This is supported by the fact that any distribution can t}ffosely as desired, as described by the following lemma.
approximated by a Gaussian mixture distribution as cIoserLemma 1[15]. Given a distance metric toleraneand a

as desired [10]. scalar continuous random variahlevith rangeX’ and cdf

For the next filtering cycle, the approximate MMSE fil-p (1) the scalar discrete random variableharacterized
ter is applied to each component to obtain the corresporgg,— range)* (with minimum cardinalityL = [1/2¢] =

ing updated estimaW(:ck;:Eﬁj)k, P;E‘l;)c) autonomously. The smallest integer not smaller thap2e) and pmfy.*, which is
weightﬁfj) of each component in the Gaussian mixture Calmos.est tor in the sense of minimum distribution mismatch,
be updated as follows Wh&féz) takes the linear form (10) is given by

p (xk—1|zk_1) = Zizlﬁl(czzl'/v(xk_l;‘%I(clll\k—l’PIS?I\k—l

LD @) . (D)
39 = 80 p(mls® ) Yo={y"y -y}
ke = Pt PRI kg ) ()
(4) 1 1.4 1.4 2 _{M gy }
=3 N(z( ). 5(1,9) S( ﬂ)) _ . .
k—1 k3 %k|k—1 "k Yy = arg[F, (t) = (i—1/2)/L],i=1,2,--- ,L
2 2 (2,2 2,2 teX
. P{z? EZHZIE)NN(Z/(MENSI(@ ) o € e o
0 30 N A6) p =Ply=y"lyey}=1/L
= G /ijlﬁk ,i=1,2,---,m
' Unfortunately, we do not have such a nice result for the

2In this paper,Z* [|-] denotes the LMMSE estimator afwith respect VECLOr Case. NOW let us diS(.:USS_ how to dilscretilze a g_eneral
10 2. singular or nonsingular multivariate Gaussian distrioiti




Given anm-dimensional Gaussian distributigr{z) = Consider the following dynamic system, which describes
N(z; uz, R,), it follows from the singular value decompo-the motion of an on-road vehicle [18]:
sition that there must exist a unitary matéixsuch that

= Fr12k—1 + Gr_1uk—1 + wi—1 (17)
(#)
UR,U' = R. Orx (m—r) where
O(m—r)xr O(m—r)x(m—r) ]

” “ ze =[xk yr %% Y& |, wp~N(0,Qr)
whereR;”’ is anr x r diagonal matrix withR.,”™’ > 0 and 20~ N(Zo,R), To=[0 0 10v3 10|
r = rank(R,). -

L 1 07T 0 0
et 01 0 T 0
a= [((Rg#))lmb)/v le(m—r)]/ (15) Fy = 00 1 0 ; Gk Tsin 6
whereb € R” andb ~ N(0,.x1, I.x»). It can then be easily L0 0 0 1 T cos @
verified that T30  10v3 0 0
Ua+ pz ~N(pez, R2) (16) 0 10/3 10 0 0
k =
The discretization of a Gaussian distribution can then be 0 0 \1/0_ 10v3/3
summarized as follows. 0 0 10v3/3 10/3

Step 1:Following Lemma 1, obtain the optimal discrete Py = Ndiag{400, 400,10, 10} Ny
approximation to the standard Gaussian distribution and ge No—= I — (HOV(H® (H@yy-1g®
L mass points in the one-dimensional space, each of which k= Lo = (B (B (HT)) ™ Hy

has a probability mask/L. Construct- copies of these. H?”=[0 0 1 —tanf ], §=7/3, T =2
mass points with respect tocomponents ob and then ob- 1,if kis odd
tain the L™ mass points in am-dimensional space simply Uk { —1,if k is even

through combining points in thecopies, which are a close
approximation to the distribution &f each having probabil- The state satisfies the following linear equality constrain
ity massl/L". (18]

Step 2:Transform allL™ mass points through Egs. (15) H,§2>xk =0 (18)

and (16) to get a close discrete approximation of the Gaussis is because the angle between ghaxis and the road

sian dIStI’Ib.UtIOI'p_(z) =N(pe, Ro). (treated as a straight line without width)ds For the filter,
Rem?)rkt.tAs L increases, the approximation accuracy bg-qonjy knows the following linear inequality constraint
comes better.

Remark:Since our set measurement formulation includes -1< H;g)fk <1 (19)
the linear inequality constraint as a special case, it fadlo _ _
that 5 > 0 may not always be true. In this case, the The measurement s described by
untruncat_ed distril_auti(_)p(zf)|zk*_1, z,gl)) may be a singu- Z}(€1) _ H,gl)wk i U}(€1) (20)
lar Gaussian distribution. That is exactly why we have the
block forms above. where
Remark:In essence, this discretization isjaasi Monte
Carlo method and it samples deterministically rather than
randomly as in the Monte Carlo method. 1 0 0 0
In order to discretize a truncated Gaussian distribution, H,gl) =({0 100
we can discretize the untruncated Gaussian distributist) fir 0 0 1

and then reject all those mass points located outside the tru . h inth S based
cation regionZ and renormalize the probability masses o We want to estimate the state in the MMSE sense based on

1) . . . .
all those mass points within the truncation region to sum U ehmefaﬁure_mem% and linear |neq_ua_1l_|t)|/_ cogstralnt (19).
to the unity. This will be a close discrete approximation t§' € f0 owmgr; all estimators were initialize witFy|o =
the truncated Gaussian distribution. Note, however, thiat tPO' A mismatched)y,:

v ~ N(0,RY), R = diag(400, 400, 10)

rejection methods not efficient, although it works in gen- 30 10V3 0 0
eral. An efficient way was proposed in [16]. oms 103 10 0 0

) ke 0 0 1325 0.1443
5 lllustrative examples 0 0 0.1443 13.0833

Under a certain condition [17], the update by set consBaing |,sed in place 06), in some estimators, possibly along
as set measurements is redundant. But if there exists mqgg}, 4 mis-specified initial estimate

mismatch, the update will improve performance in general. ‘
We now verify these findings through numerical examples. gzg]'g =To+[0 0 6 127]



Table 1: Estimators used in inequality constrained estimi 75 ‘ ‘ ‘ —
tion example 7" ,

6.5

name explanation
KF Q> Tojo = Zo, updated only by:,(:)
trueQy, £oj0 = To, updated by
=Y first and then by19)
PM-Q | QIS, &0 = Zo, updated only by.\"”
00| TGl mdten oyt
k
PM-0 | Qg, ,%0‘0 = ,%Bn"g, updated onIy b)e,gl) % 20 20 60 80 100
Qk» Tojo = ia'g, updated by

IEC

RMS velocity error

IEC-0

D) &
2, _ first and then byX9) Figure 2: RMS velocity error comparison with corregt
andi|o = zo. Note that KF overlaps with IEC.

—o—KF
20k —+—IEC_ ||
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and|o = Zo. Note that KF overlaps with IEC. Figure 3: RMS position error comparison withmismatch.

Note that KF and IEC-Q have no noticeable difference.

AIS(_)’ all results were averaged 0@0 Monte Carlo FUNS.  aar inequality constraint is fully taken into account in the
_ Figs. 1 through6 show comparison results of estimatorg,yate step, except during the initial short transient,-EEC
in Tgble 1. . ) ) _ and KF have comparable position RMSE and almost iden-

Since the noisy point measure_mmﬁ{ is linear inzy, ical velocity RMSE. All these verify our statements about
under the given knowledge and with corrérandzjo, the e contribution of set constraints in practical constin
KF updated only by noisy measurement is optimal. It tumgsimation problems. We should take the set constraint into
ou_t that the updqte by the I|nea_r inequality constraint @&n B..ount when there exists model mismatch.
skipped. From Figsl through6, it can be seen that the best
performance is indeed achieved by the KF. .

From Figs.3 and4, it can be seen that if there ¢ mis- 6 Conclusions
match and linear inequality constraint is not taken into athis paper targets the state estimation problem with point
count in the update step, the PM-Q filter has much woraed set measurements. The main difficulty for solving this
performance than the KF. But if there ¢ mismatch and type of problem comes from the uncertainty associated with
the linear inequality constraint is fully accounted for et set measurements. The key idea proposed in this paper is
update step, the performance of the IEC-Q filter is almatst approximate a continuous set measurement by discrete
the same as that of the KF. From Figs.and6, it can be point measurements under a Gaussian assumption. Possible
seen that ifz,|o is mis-specified and the linear inequalitywvays to relax the Gaussian assumption and to discretize the
constraint is not taken into account in the update step, timeolved Gaussian and truncated Gaussian distributioms ar
PM-0 estimator has the worst performance and its positidiscussed. Numerical examples show that for state estima-
RMSE diverges. But ity is mis-specified and the lin- tion subject to inequality constraints, under a certain-con
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[12]

dition, the update by inequality constraints as set measure
ments is redundant, otherwise the update is necessary and 477-482, March 2000.

helpful.
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